Some remarks on the method of moving planes (Studies on structure of solutions of nonlinear PDEs and its analytical methods) by 内藤, 雄基
Title
Some remarks on the method of moving planes (Studies on
structure of solutions of nonlinear PDEs and its analytical
methods)
Author(s)内藤, 雄基
Citation数理解析研究所講究録 (2001), 1204: 1-8
Issue Date2001-04
URL http://hdl.handle.net/2433/40979
Right
Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Some remarks on the method of moving planes
(Y\={u}ki Naito)
Abstract. In 1979, Gidas, Ni, and Nirenberg [3.] est.ablish radial symmetry of positive solufions
to certain nonlinear elliptic equations. The technique is based on the maximum principle. In this
note, we shall consider the simplest case of their results and give a proof following the.-:idea
of Berestycki and Nirenberg [1]. Next we consider the Poincare’ metric in the. domain and then
employ the moving plane method to obtain new results on symmetry. Finally we give an approach
in adifferent direction to the symmetry results.
1.
:
(1.1) $\{$
$\triangle u+f(u$. $)=0$ , $u>0$ , $x\in D$ ,
$u=0$ , $x\in\partial D$ ,
$D=\{x\in \mathbb{R}^{n} : |x|<1\},$ $n\geq 2$ , $f$ 3 $C^{1}$ .
1979 Gidas-Ni-Nirenberg [3] moving plane method I {?}
$|_{\sqrt}$ )
. Berestycki-Nirenberg[1] –. .
1.1. $u\in C^{2}(D)\cap C(\overline{D})$ (11) . $u$. $=u(|x|)$ . $\text{ }$ $r=.\downarrow x|$
u/\partial r $<0,0<r<1$ , .
[1] moving plane method
. moving plane method $\sigma..$)
.
2.
moving plane method .
:
(2.1) $Lu\equiv-\Delta u+\mathrm{c}(x)u\leq 0$, $x\in\Omega$ ,
$\Omega$ $\mathbb{R}^{n}$ $c\in L^{\infty}(\Omega)$ . Hopf
([4, 6, 9, 10]).
. $u$ (2.1) $c(x)\geq 0$ . $u\leq \mathrm{O}$ on $\partial\Omega$
$u\leq 0$ in $\Omega$ .
Hopf . $B\subset\Omega$ $u$ (2.1) $u<\mathrm{O}$ in B $x_{0}\in\partial B$
$u(x_{0})=0$ . u/\partial n(x0) $>0$ . $n$ $B$ {
$/\partial n$ $n$ .
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1
. $u$ (2.1) $u\leq \mathrm{O}$ in $\Omega$ . $u<\mathrm{O}$ or $u\equiv \mathrm{O}$ in $\Omega$ .
moving plane method $c(x)\geq 0$ .
2.1. $h\in C^{2}(\Omega)\cap C(\overline{\Omega})$ $Lh\geq \mathrm{O}$ in $\Omega$ $h>\mathrm{O}$ in $\overline{\Omega}$
. $u\leq \mathrm{O}$ on $\partial\Omega$ $u\leq \mathrm{O}$ in $\Omega$ .
. $v(x)=u(x)/h(x)$
$- \Delta v-\frac{2}{h}\nabla h\cdot\nabla v+\frac{1}{h}(Lh)v\leq 0$, $x\in\Omega$ .
$v\leq 0$ , $u\leq 0$ .
$c$
$\Omega$ 2.1
([6]).
.
2.2. $\prod\subset\{0<x_{1}<d\},$ $|c(x)|\leq M$ . $\delta=\delta(M)>0$
$d<\delta$ $u\leq \mathrm{O}$ on $\partial\Omega$ $u\leq \mathrm{O}$ in $\Omega$ .
. $h(x)=e^{\alpha d}-e^{\alpha x_{1}}$ $h>\mathrm{O}$ in $\overline{\Omega}$ .
$Lh=\alpha^{2}e^{\alpha x_{1}}+c(x)(e^{\alpha d}-e^{\alpha x_{1}})\geq\alpha^{2}-M(e^{\alpha d}-1)$ .
$\delta=\delta(M)>0$ $d<\delta$ $\alpha>0$ $Lh\geq \mathrm{O}$ in $\Omega$
. 2.1 $u\leq \mathrm{O}$ in $\Omega$ .
$\Omega$ \mbox{\boldmath $\zeta$} ’ .
23([1]). $d\geq \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}(\Omega)$ $|c(x)|\leq M$ . $\delta=\delta(n, M, d)$
. meas(\Omega ) $=|\Omega|<\delta$ $u\leq \mathrm{O}$ o $\partial\Omega$ $u\leq \mathrm{O}$ in $\Omega$ .
Alexandroff-Bakelman-Pucci ([4, Theorem 91]) .
Alexandroff-Bakelman-Pucci . $c(x)\geq 0$ in $\Omega,$ $d\geq \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}(\Omega)$ , $f\in L^{n}(\Omega)$
$u\in C^{2}(\Omega)\cap C(\overline{\Omega})$ :
$-\Delta u+c(x)u\leq f(x)$ , $x\in\Omega$ , $u\leq 0$ , $x\in\partial\Omega$ .
$C=C(n, d)>0$ :
$\sup_{\Omega}u\leq C||f||_{L^{n}(\Omega)}$ .
2
23 . $CM\delta^{1/n}<1$ $\delta>0$ . $\sup_{\Omega}u^{+}>0$ .
$-\Delta u+c^{+}(x)u\leq c^{-}(x)u\leq c^{-}(x)u^{+}$ , $x\in\Omega$ .
$\sup_{\Omega}u^{+}=\sup_{\Omega}u\leq C||c^{-}u^{+}||_{L^{n}(\Omega)}\leq CM|\Omega|^{1/n}\sup_{\Omega}u^{+}$.
$CM|\Omega|^{1/n}\leq CM\delta^{1/n}<1$ . $\sup_{\Omega}u^{+}=0$ , $u\leq \mathrm{O}$ in $\Omega$ .
1.1 moving plane method “ ”
( 23) . moving plane method
Hopf .
3. moving plane method: 1J
$\lambda\in(-1,0]$ $T_{\lambda},$ $\Sigma_{\lambda}$ :
$T_{\lambda}=\{x=(x_{1}, \ldots, x_{n}) : x_{1}=\lambda\}$ ; $\Sigma_{\lambda}=\{x\in D : x_{1}<\lambda\}$ .
$x=(x_{1}, \ldots, x_{n})$ { $x^{\lambda}=(2\lambda-x_{1}, x_{2}, \ldots, x_{n})$ . $x\in\Sigma_{\lambda},$ $\lambda<0$ ,
$|x^{\lambda}|<|x|$ .
(1.1) $u$ { $u_{\lambda}(x)=u(x^{\lambda})$ $u_{\lambda}$ :
$\Delta u_{\lambda}+f(u_{\lambda})=0$ , $x\in\Sigma_{\lambda}$ .
.
3.1. $w_{\lambda}(x)=u(x)-u_{\lambda}(x)$
(3.1) $-\Delta w_{\lambda}+c_{\lambda}(x)w_{\lambda}=0$ , $x\in\Sigma_{\lambda}$ , $w_{\lambda}\leq 0$ , $x\in\partial\Sigma_{\lambda}$ ,
$c_{\lambda}(x)= \int_{0}^{1}f’(u(x)+t(u^{\lambda}(x)-u(x)))dt$.
$\Lambda\subset(-1,0)$ :
$\Lambda=\{\lambda\in(-1,0) : w_{\lambda}(x)=u(x)-u_{\lambda}(x)<0, x\in\Sigma_{\lambda}\}$.
$\Lambda=(-1,0)$ 3 step .
Step 1. $\Lambda\neq\emptyset$ .
$\lambda\in(-1,0)$ -1 $|\Sigma_{\lambda}|<\delta$ . (3.1) 23 $w_{\lambda}\leq \mathrm{O}$ in
$\Sigma_{\lambda}$ . $w_{\lambda}<\mathrm{O}$ in $\Sigma_{\lambda}$ , $\lambda\in\Lambda$ .
3
Step 2. $\Lambda\subset(-1,0)$ .
$\lambda_{n}\in\Lambda,$ $\lambda_{n}arrow\lambda_{0}\in(-1,0),$ $narrow\infty$ , . $\lambda_{0}\in\Lambda$ . $\lambda$
$w_{\lambda_{0}}\leq 0$ in $\Sigma_{\lambda_{0}}$ . $\lambda_{0}\in(-1,0)$ $w_{\lambda_{0}}\not\equiv 0$ . (3.1) $w_{\lambda_{0}}<0$ in $\Sigma_{\lambda_{0}}$ ,
$\lambda_{0}\in\Lambda$ .
Step 3. $\Lambda\subset.(-1,0)$ .
$\lambda_{0}\in\Lambda$ . $\epsilon>0$ $|\lambda-\lambda_{0}|<\epsilon$ $\lambda\in\Lambda$ . $G$
$G\subset\Sigma_{\lambda_{0}}.,$ $|\Sigma_{\lambda_{0}}\backslash G|<\delta/2$ . $\epsilon>0$
$|\lambda-\lambda_{0}|<\epsilon\backslash$ :
(3.2) $w_{\lambda}<0$ in $G$ , $|\Sigma\lambda\backslash G|<\delta$.
$w_{\lambda}$ :
$-\Delta.w_{\lambda}+c_{\lambda}(x)w_{\lambda}=0$, $X\in\Sigma\lambda\backslash G$ , $w_{\lambda}\leq 0$ , $x\in\partial(\Sigma\lambda\backslash G)$ .
$(3.2)_{2}$ 23 $w_{\lambda}\leq \mathrm{O}$ in $\Sigma_{\lambda}\backslash G$ . $w_{\lambda}\not\equiv \mathrm{O}$ , $w_{\lambda}<\mathrm{O}$ in $\Sigma_{\lambda}\backslash G$ .
$(3.2)_{1}$ $w_{\lambda}<\mathrm{O}$ in $\Sigma_{\lambda}$ , $\lambda\in \mathrm{A}$ .
$\mathrm{A}=(-1,0)$ . $\lambda\in(-1,0)$ $u_{\lambda}>u$ . $\lambdaarrow 0$ $u_{0}\geq u$ .
$x_{1}$ $u_{0}\leq u$ .
$u_{0}\equiv u$ in D. $u$ $x=x_{1}$ . $x=x_{1}$
$u$ .
4. Poincar\’e disc l [1 moving plane method
:
(4.1) $\{$
$\Delta u+f(|x|, u)=0$ , $u>0$ , $x\in D$ ,
$u=0$ , $x$ $\partial D$ ,
$D=\{x\in \mathbb{R}^{n} : |x|<1\}_{\text{ }}f(r, t)$ $t\in \mathbb{R}$ $C^{1}$ .
$f$ $|x|$ .
41. $f(r, t)$ $r\in(0,1)$ $u\in C^{2}(D)\cap C(\overline{D})$ (1.1)
. $u=u(|r|)$ $\partial u/\partial r<0,0<r<1$ , .
. 3.1 $|x^{\lambda}|<|x|$
$\Delta w_{\lambda}=-f.(|x|, u)+f(|x^{\lambda}|, u_{\lambda})\geq-f(|x|, u)+f(|x|, u_{\lambda})=c_{\lambda}(x)w_{\lambda}$ .
$w_{\lambda}$ \Delta w\lambda +c\lambda (x)w\lambda $\leq 0$ . 1.1
$,\mathrm{r}-$
4
$f(r, t)$ $r$
$\not\in 9$
. [3] $r\vdash\Rightarrow f(r, t)$ &. .
. $w(x)$ \Delta w $=\lambda w$ in $D,$ $w=\mathrm{O}$ on $\partial D$ . $u(.x)=$
$1-|x|^{2}+\epsilon w(x)$ $\epsilon>0$
$D$ $u>0$ $f(r, t)=$
$\lambda t+2n-\lambda(1-r^{2})$ (4.1) .
$D\subset \mathbb{R}^{2}$ . $D$ Poincar\’e $ds_{D}^{2}=|dx|^{2}/(1-|x|^{2})^{2}$ . Poincar\’e
disc Laplace-Beltrami $\Delta_{g}=(1-r^{2})^{2}\Delta$ (4.1) $u$ 3
:
$\Delta_{g}u+(1-|x|^{2})^{2}f(|x|, u)=0$ .
Poncare’disc I moving plane method :
4.2. ([7]) $D=\{x\in \mathbb{R}^{2} : |x|<1\}$ . $.(1-r^{2})^{2}f(r, t)$ # $r\in(0,1)$ {
$\mathrm{A}.\mathrm{a}$
$u\in C^{2}(D)\cap C(\overline{D})$ (4.1) . $u=u(|x|)$ $u_{r}<0$ ,
0<r<l .
$n\geq 3$ .
4.3. ([8]) $D=\{x\in \mathbb{R}^{n} : |x|<1\}$ , $n\geq 3$ . $t\in(0, \infty)$ {
$\mathrm{X}\backslash \mathrm{f}$ L,
$(1-r^{2})^{(n+2)/2}f(r, (1-r^{2})^{-(n-2)/2}t)$ $r\in(0,1)$ { \vee ‘ $u\in C^{2}(.D)\cap C(\overline{D})$
(4.1) . $u=u(|x|)$
$((1-r^{2})^{(n-2)/2}u)_{r}<0$ , $0<r<1$ ,
. { $[0, 1]$ $\cross[0, \infty)$ $f\geq 0$ Y $u_{r}<0,0<r<1$ , .
:
(4.2) $\{$
$\triangle u+K(|x|)u^{\sigma}=0$ , $u>0$ , $x\in D$ ,
$u=0$ , $x\in\partial D$ ,
$K$ $[0, 1]$ $1<\sigma<(n+2)/(n-2)$ . 43
.
4.4. ([8]) $(1-r^{2})^{\frac{n+2-\sigma(n-2)}{2}}K(r)$ $u\in C^{2}(D)\cap C(\overline{D})$ 3 (4.2)
. $u=u(|x|)$ $u_{r}<0,0<r<1$ , .
5.
:
(5.1) $\{$
$\triangle u+f(|x|, u)=0$ , $x\in D$ ,
$u=0$ , $x\in\partial D$ ,
5
$D=\{x\in \mathbb{R}^{n} : |x|<1\}$ $D=\{x\in \mathbb{R}^{n} : a<|x|<b\},$ $0<a<b<\infty$ ,
. $f(r, t)$ $t\in \mathbb{R}$ $C^{1}$ .
moving plane method
.
5.1. $u\in C^{3}(D)\cap C^{1}(\overline{D})$ (5.1) :
$\frac{\partial f}{\partial t}(x, u(x))<\lambda_{2}$ , $x\in D$ ,
$\lambda_{2}$ \Delta u $=\lambda u$ in $D,$ $u=\mathrm{O}$ on $\partial D$ 2 . $u=u(|x|)$
.
Dalmasso [2] $(-\Delta)^{m}u=f(|x|, u)$
$\mathrm{A}_{1}$ . Lazer-McKenna [5] . [2]
.
5.1. $u=u(x_{1}, \ldots, x_{n})$ $u$
$x_{j}D_{k}u-x_{k}D_{j}u\equiv 0$, $j\neq k,$ $j,$ $k=1,2,$ $\ldots,$ $n$ .
. . . $x=(x_{1}, \ldots, x_{n})$
$z=x_{1}^{2}+\cdots x_{n}^{2},$ $z\neq 0$ . $x_{1}\neq 0,$ $x_{1}>0$ . $x=(x_{1}, x’)\in$
$(\mathbb{R}\cross \mathbb{R}^{n-1})$ $X_{1}(x’, z)=(z-|x’|^{2})^{1/2}$
$x_{1}=X_{1}(x’, z)$ , $\frac{\partial X_{1}}{\partial x_{j}}=-\frac{x_{j}}{x_{1}}$ , $j=2,$ $\ldots,$ $n$ .
$u(X_{1}(x’, z),$ $x’)=g(x’, z)$
$\frac{\partial g}{\partial x_{j}}=D_{1}u\frac{\partial X_{1}}{\partial x_{j}}+D_{j}u=\frac{-x_{j}D_{1}u+x_{1}D_{j}u}{x_{1}}\equiv 0$, $j=2,$ $\ldots,$ $n$ .
$g(x’, z)$ $z=|x|^{2}$ [ . $u=u(|x|)$ .
$j,$ $k=1,2,$ $\ldots,$ $n,$ $j\neq k$ , $v_{j,k}(x)$ :
$v_{j,k}(x)=x_{j}D_{k}u(x)-x_{k}D_{j}u(x)$ .
$x=(x_{1}, \ldots, x_{n})$ $\nu_{j,k}(x)$ $k$
$x_{j}$ $j$ $x_{k}$ 0
. $v_{j,k}(x)=\nu_{j,k}(x)\cdot\nabla u(x)$ .
52. $v_{j,k}$ :
$\Delta v_{j,k}+\frac{\partial f}{\partial t}(|x|, u)v_{j,k}=0$ , $x\in D$ , $v_{j,k}=0$ , $x\in\partial D$ .
6
. $\Delta v_{j,k}=\nu_{j,k}\cdot\nabla(\Delta u),$ $\nu_{j,k}\cdot x=0$
$\Delta v_{j,j,k}k=-\nu\cdot\nabla f(|x|, u)=-f_{f}(|x|, u)\frac{\nu_{j,k}\cdot x}{|x|}-f_{t}(|x|, u)\nu j,k$ . $\nabla u=-f_{t}(|x|, u)v_{j,k}$ .
$B$ $n$ $\nu_{j,k}\cdot n=\mathrm{O}$ on $\partial D$ . $u=\mathrm{O}$ on $\partial D$ .
$v_{j,k}=\nu_{j,k}\cdot\nabla u=\mathrm{O}$ on $\partial D$ .
$\lambda_{2}$ $-\Delta u=\lambda u$ in $D,$ $u=\mathrm{O}$ on $\partial D$ 2 . mini-max
(5.2) $\lambda_{2}=\inf\{\frac{\int_{D}|\nabla u|^{2}dx}{\int_{D}u^{2}dx}$ : $u\in H_{0}^{1}(D),$ $\int_{D}uw_{1}dx=0\}$ ,
$w_{1}=w_{1}(|x|)$ 1 $\ovalbox{\tt\small REJECT} R\text{ }$ .
53. :
$\int_{D}v_{j,k}w_{1}dx=0$ .
. $\nu_{j,k}\cdot\nabla u=\nabla\cdot(\nu_{j,k}u)$
$\int_{D}v_{j,k}w_{1}dx=\int_{D}(\nu j,k. \nabla u)w_{1}dx=7_{D}uw_{1}$ $( \nu_{j,k}\cdot n)ds-\int_{D}u(\nu_{j,k}\cdot\nabla w_{1})dx$ ,
$n$ $D$ . $x\in\partial D$ $\nu_{j,k}\cdot n=0$ ,
$w_{1}=w_{1}$ (|x|) 5.1 $\nu_{j,k}$ . $\nabla w_{1}=0$ . .
5.1 . 5.1 $v_{j,k}\equiv 0$ . $v_{j,k}\not\equiv 0$ . 52
$\int_{D}|\nabla vj,k|^{2}dx=\int_{D}v_{j,k}^{2}\frac{\partial f}{\partial t}(x, u)dx$ .
(5.2) 53
$\lambda_{2}\int_{D}v_{j,k}^{2}dx\leq\int_{D}|\nabla vj,k|^{2}dx$.
5.1
$\lambda_{2}\int_{D}v_{j,k}^{2}dx\leq\int_{D}v_{j,k}^{2}\frac{\partial f}{\partial t}(x, u)dx<\lambda_{2}\int_{D}v_{j,k}^{2}dx$ .
. $v_{j,k}\equiv 0$ . 5.1 .
[6], [10], [11] .
[6], [10] .
[10], [11] .
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